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In this work we investigate the equilibrium structure and short-time dynamics of moderately concentrated
suspensions of polydisperse charged silica particles immersed in a nearly optically matched solvent. We
measure the static structure factorSM(q) and the first cumulant of the intensity autocorrelation function with
static and dynamic light-scattering techniques. From these two quantities we obtain the hydrodynamic function
HM(q) containing the configuration-averaged effects of the hydrodynamic interactions on the short-time dy-
namics. The experimental results forHM(q) compare favorably with theoretical calculations based on recent
work by Nägele et al. @Phys. Rev. E47, 2562 ~1993!; Phys. Rep.~to be published!#. We show that both
hydrodynamic interactions and polydispersity significantly affect the short-time dynamics even at small vol-
ume fractions. At small wave numbers hydrodynamic interactions slow the initial decay of the intensity
autocorrelation function, whereas near the position of the principal peak ofSM(q) the decay rate is enhanced.
@S1063-651X~96!09807-8#

PACS number~s!: 61.20.Gy, 61.20.Lc, 82.70.Dd, 83.10.Pp

I. INTRODUCTION

Well characterized colloidal suspensions are excellent
model systems to understand the influence of interparticle
interactions on the structure and dynamics in complex fluids.
A considerable amount of theoretical and experimental work
on suspensions of hard spheres@1–7# and charged spheres
@8–14# provides information about how interactions deter-
mine liquidlike and ordered structures and how these struc-
tures influence the suspension dynamics. Two types of inter-
actions can be identified: direct interparticle interactions and
indirect hydrodynamic interactions~HIs! due to the velocity
field generated in the supporting fluid by the particle mo-
tions.

A primary technique for studying the static and dynamic
properties of these suspensions is light scattering@15#. In
monodisperse suspensions the static structure factorS(q) ~q
is the modulus of the scattering vector! can be determined
from measurements of the angular dependence of the mean
scattered intensity, provided that the mean interparticle spac-
ing is comparable to the wavelength of light. The peaks in
the structure factor indicate spatial correlations among the
particles due to the direct forces.

Since Coulombic forces keep highly charged particles far
apart, the effects of the short-range hydrodynamic interac-
tions in diluted suspensions of these systems are frequently
neglected@9,11,12,16,17#; however, recent theoretical calcu-
lations @18,8,19,20# have demonstrated the importance of
HIs particularly in charged suspensions. The apparent diffu-
sion coefficientD(q), defined as the ratio of the hydrody-
namic function to the static structure factorH(q)/S(q), pro-
vides a measure of the short-time dynamics. For negligible

HIs,H(q) becomes the Stokes diffusion coefficientD0 of an
isolated sphere andD(q) is due toS(q) only. When HIs are
important,H(q) becomes explicitlyq dependent. Intuitively,
one expects that HIs always lead to a slowing down of the
particle density relaxation, e.g.,H(q)/D0,1 should hold for
all wave numbers. Nonetheless, both experiments@21# and
theoretical predictions@18,8,19,20# show thatH(q)/D0 can
exceed 1 around the principal peak ofS(q). The peak value
of H(q)/D0 increases with increasing volume fractionf; this
behavior differs from that of hard spheres, where the peak
value never exceeds one and decreases with increasingf.

All of the studies mentioned above assume that the sus-
pensions were monodisperse. In the process of synthesizing
single-component suspensions, a certain degree of size poly-
dispersity is unavoidable and even required in some applica-
tions. In general, the size distribution is broader for suspen-
sions of smaller particles. In charged particles, the size
polydispersity often gives rise to an associated polydispersity
in the surface charge. As a result, both size and charge poly-
dispersity may affect the equilibrium structure and diffusion
in the suspensions.

Due to the complexity of polydisperse systems, little is
known about their dynamical properties@2,22–25#. A num-
ber of experimental investigations have appeared@26–28# on
polydisperse charge-stabilized suspensions at low volume
fractions, where the influence of HIs has been ignored in the
analysis of the experimental data. No reported experimental
work on polydisperse systems has encompassed a suffi-
ciently large particle concentration for HIs to be important
over an extended range of wave numbers. The primary limi-
tation has been the occurrence of multiple scattering, which
invalidates the assumption of single scattering, underlying
the conventional interpretation of dynamic light-scattering
~DLS! data.

In this work, we investigate the combined effect of HIs
*Present address: Chemistry Department, Stanford University,

Stanford, CA 94305-5080.

PHYSICAL REVIEW E JULY 1996VOLUME 54, NUMBER 1

541063-651X/96/54~1!/661~15!/$10.00 661 © 1996 The American Physical Society



and polydispersity on the short-time diffusion in polydis-
perse suspensions of charged silica spheres. In order to elimi-
nate complications from multiple scattering, we nearly
matched the refractive index of the spheres with that of a
mixed organic solvent. The static and dynamic properties of
the suspended silica particles are investigated using static
and dynamic light-scattering techniques. We limit our stud-
ies to the short-time dynamics where the correlation times
are very large compared to the momentum relaxation time,
but very small with respect to the structural relaxation of the
particles. We apply the method of cumulants to evaluate the
dynamic scattering and are able to measure the hydrody-
namic function by combining the DLS measurements of the
first cumulant with static light-scattering~SLS! measure-
ments of the structure factor. The measured static structure
factor is compared with theoretical calculations derived from
the hypernetted-chain~HNC! approximation for colloidal
mixtures@29#. We model the size polydispersity by a histo-
gram representation of the unimodal continuous Schulz dis-
tribution @29,30#.

We model the silica particles as hard spheres having an
‘‘effective charge’’ Zeff @31# and interacting by a screened
Coulomb repulsion of the Derjaguin-Landau-Verwey-
Overbeek~DLVO! type @29,32#. The relation between par-
ticle size and effective charge is unknown; we explore sev-
eral models for this dependence and find reasonable
agreement when we fit the experimental structure factor with
a size-independentZeff. We model the measurable hydrody-
namic functionHM(q) with a pairwise-additivity approxima-
tion for the hydrodynamic interaction@18,8#.

We show that the short-time diffusion is significantly af-
fected by HIs even at low particle concentrations. The ex-
perimental results forHM(q) confirm the theoretical predic-
tion @18,8# that, when properly normalized, this function is
greater than 1 in the neighborhood of the first peak in the
static structure factor. We further show that size polydisper-
sity reduces the oscillations ofHM(q) and that this effect is
particularly strong for the measurable structure factor at short
wave numbers and in the region of the principal peak.

The paper is organized as follows. In Sec. II we briefly
describe the polydispersity model and the effective interac-
tion potential used in our calculations. In Sec. III we sum-
marize the SLS and DLS relations for polydisperse suspen-
sions, relevant to our study. There we emphasize the
difference between scattering from monodisperse and poly-
disperse suspensions. In Sec. IV we describe our scheme for
calculatingSM(q) andHM(q). We discuss the sample prepa-
ration and experimental methods in Sec. V and present the
experimental and theoretical results in Sec. VI. Finally, in
Sec. VII we summarize the important findings from our
work.

II. MODEL OF POLYDISPERSITY
AND INTERACTION POTENTIAL

The size distribution of a one-component suspension of
colloidal particles can be conveniently represented by a con-
tinuous unimodal Schulz distribution@29,30#

p~s;s̄,s!5S t11

s̄ D t11 s t

G~ t11!
expS 2

t11

s̄
s D ~ t.0!,

~1!

wherep(s;s̄,s) denotes the probability distribution for the
particle diameters andG(t) is the gamma function. The only
two parameters that characterize this distribution are the
mean diameters̄ and the relative standard deviations. The
latter is related to the width parametert by

s5
@^s2&2s̄2#1/2

s̄
5@ t11#21/2. ~2!

The moments of the Schulz distribution are given by

^sn&5E
0

`

ds snp~s;s̄,s!5
~n1t !!

t! ~ t11!n
s̄n, ~3!

with n50,1,2,... . The important features of the Schulz dis-
tribution are its skew symmetry towards larger sizes and its
approach towards a Gaussian distribution for very small val-
ues ofs. This skewness allows for good fits of the experi-
mentally determined size distribution in many sorts of col-
loidal suspensions@18,24,30#. While other choices for the
size distribution function exist, the detailed shape of this dis-
tribution is not critical for sufficiently smalls. The continu-
ous Schulz distribution can be used directly in the calculation
of static or dynamic correlations in very diluted systems of
practically noninteracting particles@30# or polydisperse hard-
sphere mixtures, where one can exploit the analytic expres-
sion for the partial structure factors with the Percus-Yevick
approximation @33,34#. For charge-stabilized suspensions,
we approximate the continuous distribution with a histogram

p~s!5 (
a51

m

xad~s2sa! ~4!

consisting of a small numberm of subcomponents. The mole
fraction xa and the diametersa of each subcomponent are
determined by equating the first 2m moments of the histo-
gram and the continuous Schulz distribution, i.e.,

(
a51

m

xa~sa! l5^s l&, l50,1,2,...,2m21. ~5!

We solve these equations via the equivalent Gauss-Laguerre
method. The numberm of subcomponents needed depends
on the value ofs. Three subcomponents are sufficient for the
calculation of the static structure factorSM(q) in a suspen-
sion of polydisperse hard spheres@35# and polydisperse
charged suspensions@25,29# with s,0.3. A minimum of five
components is required for the calculation ofHM(q) whens
is 0.3. In this work withs50.15, three subcomponents are
sufficient to calculateSM(q) andHM(q) within the range of
our experimentally probed wave numbers, we find no im-
provement when we increasem up to 12.

The effect of the van der Waals interaction between silica
particles suspended in a nearly index-matched solvent is
minimal. Thus we neglect the van der Waals forces and de-
scribe the effective pair potential,uab(r ) between two par-
ticles of subcomponentsa and b, as a hard sphere plus
screened Coulomb potential of the form@8#
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2
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r
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2
,

~6!

whereLB5e2/ekBT is the Bjerrum length,e is the elemen-
tary charge, ande is the dielectric constant of the suspending
medium.Za

eff denotes the effective charge~in units of e! of
particles in subcomponentsa and the equation

k254pLBn(
a51

m

xauZa
effu1ksalt

2 ~7!

defines the Debye-Hu¨ckel screening parameterk. In writing
Eq. ~7!, we assume that the counterions are monovalent and
n is the overall number density of colloidal particles, related
to the total volume fractionf according to

n5
6f

p^s3&
. ~8!

The screening parameter is determined by dissociating coun-
terions and by the possible presence of added salt. Since we
use high-purity organic solvents, we will assumeksalt50.

The effective charges entering the DLVO potential are
typically smaller than the bare ones@31#. Since we have noa
priori knowledge of the form of charge polydispersity, we
assume that the effective charge of the subcomponenta is
related to its sizesa by

Za
eff5Z̄effS sa

s̄ D m

, ~9!

where Z̄eff denotes the mean effective charge. In principle,
one could determine the exponentm by comparison of the
experimental and computedSM(q). In previous work on la-
tex particles@24,25#, the valuem52 was used. Here we test
the valuesm50,1,2 and, as explained in detail in Sec. VI, we
find m50 to be sufficient.

We neglect any possible influence due to electroviscous
effects on the short-time diffusion. These effects arise from
the distortion of the mobile cloud of counterious around a
colloidal particle. The electroviscous effect gives rise to a
somewhat increased friction experienced by an isolated col-
loidal particle only when the double-layer thickness is com-
parable to the particle radius@36#.

III. LIGHT SCATTERING
FROM POLYDISPERSE SUSPENSIONS

In this section we briefly summarize those relations of the
theory of light scattering relevant to our interpretation of
static and dynamic light-scattering data from polydisperse
samples. More detailed explanations and derivations can be
found in Refs.@8,37#. We start with the relations for SLS and
then proceed with those for DLS.

A. Static scattering relations

Extending the scattering relations for a monodisperse sys-
tem to a polydisperse system ofN particles distributed inm
different components, we obtain the average scattered inten-
sity

I ~q!5K U(
a51

m

(
l51

Na

f a~q!eiq•Rl
aU2L , ~10!

where we have assumed that single-scattering events domi-
nate the signal. In this expression,R l

a denotes the position
vector of thel th colloidal particle in componenta, which
consists ofNa particles so that( a51

m Na5N, and^ & denotes
an equilibrium ensemble average. The modulusq of the
wave vectorq is related to the scattering angleu, the solvent
refractive indexns , and the wavelengthl of the incident
light in vacuo by q5(4pns/l)sinu/2. For homogeneous
spheres in a nearly refractive index-matching solvent, the
Rayleigh-Gans-Debye condition

2p

l
saS na

ns
21D!1 ~11!

is satisfied and the scattering amplitude of ana-type particle
is described by

f a~q!5~na2ns!sa
3b~qsa/2!, ~12!

wherena is the refractive index of all the particles with di-
ametersa and the form amplitudeb(qsa/2) of an a-type
particle is given byb(x)53 j 1(x)/x, where j 1(x) is the
spherical Bessel function of first order. In Eqs.~10!–~12! we
allow for a size-dependent refractive indexna . From Eqs.
~10!–~12!, the average intensity can be written as@18,8#

I ~q!5Nf 2~q50!P̄~q!SM~q!, ~13!

where

f 2~q!5 (
a51

m

xa f a
2~q! ~14!

is the second moment of the distribution of the scattering
amplitudes andxa the partial mole fraction. The average
form factor P̄(q) is defined, in analogy with monodisperse
suspensions, as

P̄~q!5
f 2~q!

f 2~q50!
. ~15!

The so-called measurable static structure factorSM(q) in Eq.
~13! is a weighted superposition ofm(m11)/2 partial struc-
ture factorsSab(q) according to

SM~q!5
1

f 2~q!
(

a,b51

m

~xaxb!1/2f a~q! f b~q!Sab~q!.

~16!

The partial static structure factors are related to the partial
radial distribution functionsgab(r ) by
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Sab~q!5dab1n~xaxb!1/2E d3r eiq•r@gab~r !21#. ~17!

Here gab(r ) is the relative probability of finding ab-type
particle a distancer from a particle of typea. Slightly dif-
ferent definitions ofSab(q) exist in the literature@29,38#, but
our definition @39,40# ensures thatSab(q→`)5dab inde-
pendent of the mole fractionsxa and thatSM(q→`)51.
Also with this definition,SM(q) reduces toS(q) for a mono-
disperse system. From Eq.~16!, it is apparent that the mea-
surable structure factorSM(q) in polydisperse systems de-
pends on the scattering properties; this dependence contrasts
with monodisperse systems whereS(q) is a purely statistical
mechanical quantity. Indeed,SM(q) contains information on
both the interparticle and intraparticle properties.

We extractedSM(q) from our SLS measurements by di-
viding the scattered intensityI (q;n) of the concentrated sys-
tem by that of the dilute suspension, whereSab(q;n0)'dab
for all q. Hence

SM~q!5
n0l ~q;n!

nl~q;n0!
, ~18!

wheren andn0 are the number densities in the concentrated
and diluted system, respectively. This division procedure is
only valid when the size, shape, and scattering properties of
the particles are unchanged by dilution. We have assumed
that the particles are optically homogeneous and that they all
have the same refractive index, regardless of their size. As a
consequence of this hypothesis, it follows from Eqs.~14!–
~16! that P̄(q) andSM(q) should be independent of the re-
fractive index differencenm2ns between particles and sol-
vent. This assumption is discussed in Sec. VI.

B. Dynamic scattering relations

The key quantity in the analysis of polarized DLS experi-
ments is the electric field autocorrelation function, given by
@37#

l ~q,t !5Nf 2~q50!P̄~q!SM~q,t ! ~19!

for a polydisperse system. The measurable dynamic structure
factorSM(q,t) is defined, similar to the static case, as@8,37#

SM~q,t !5
1

f 2~q!
(

a,b51

m

~xaxb!1/2f a~q! f b~q!Sab~q,t !,

~20!

ensuring thatSM(q,0)5SM(q). Here the scattering ampli-
tude f a(q) is calculated in Eq.~12! and them(m11)/2 par-
tial dynamic structure factors are

Sab~q,t !5
1

~NaNb!1/2
^n2q

a ~0!nq
b~ t !&, ~21!

where

nq
a5(

l51

Na

eiq•Rl
a

~22!

is the Fourier component of the microscopic density fluctua-
tions of componenta. HenceSab(q,t) is a correlation func-
tion betweena- andb-type particles.

In this work, we are concerned with the dynamics in the
short-time limit. Specifically, we consider the time domain in
which the hydrodynamic interactions are instantaneous while
the appreciable change in the particle configuration due to
many-body diffusion does not yet occur. Dynamic light-
scattering experiments measure the dynamics of colloidal
particles in this time interval, which falls between the mo-
mentum relaxation time [tB5M /(3phs̄)] and the structural
relaxation time [t I5s̄2/D0(s̄)] for an isolated silica sphere
of massM and diameters̄, immersed in a solvent of shear
viscosityh, to diffuse with its translational diffusion coeffi-
cientD0(s̄)5kBT/(3phs̄). In this regime, the fluid exert-
ing friction forces on the particles is incompressible and the
equilibrium configuration space-time correlation functions
are governed by Smoluchowski equation.

The initial decay ofSM(q,t) is then conveniently ana-
lyzed in terms of the cumulant expansion

SM~q,t !5SM~q!expF(
l.0

~2t ! l

l !
GM

~ l !~q!G , ~23!

with the cumulant of orderl given by

GM
~ l !~q!5~21! l lim

t→0
F ] l

]t l
ln SM~q,t !G , ~24!

where t→0 should be interpreted astB!t!t I . Consider
first a polydisperse suspension of noninteracting homoge-
neous spheres. Assuming that the sizes are distributed ac-
cording to the unimodal Schulz distribution, we obtain the
following result for the long-wavelength limit of the first and
the second cumulant:

lim
q→0

GM
~1!~q!

q2
5

D0~ s̄ !

115s2
'D0~ s̄ !@125s2#, ~25!

lim
q→0

GM
~2!~q!

@GM
~1!~q!#2

5
s2

l14s2
's2, ~26!

where the last approximate equalities are generally valid for
small relative standard deviations. The limit q→0 is practi-
cally realized whenqs̄,0.5. We used Eqs.~25! and~26! to
obtain an estimate of the mean particle diameters̄ and the
degree of polydispersitys from DLS on a dilute suspension.

At higher concentrations when interactions between par-
ticles become important, the first cumulant ofSM(q,t) is
used to define a measurableq-dependent diffusion coeffi-
cientDM(q) by

DM~q!5
GM

~1!~q!

q2
. ~27!

The function DM(q) is related to the measurable, and
scattering-amplitude-dependent, hydrodynamic function
HM(q) as @18,8#
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DM~q!5
HM~q!

SM~q!
; ~28!

this is the polydisperse equivalent of

D~q!5
H~q!

S~q!
, ~29!

known for monodisperse systems@16#. The measurable hy-
drodynamic function can be written as@18#

HM~q!5
1

f 2~q!
(

a,b51

m

~xaxb!1/2f a~q! f b~q!Hab~q!, ~30!

where the configuration averaged effect of the HI is con-
tained in the partial hydrodynamic functionsHab(q). This
follows from the application of the generalized Smolu-
chowski equation, leading to the expression@18#

Hab~q!5~NaNb!21/2 (
l , j51

Na ,Nb

^q̂•Dl j
ab~RN!•q̂eiq•@Rl

a
2Rj

b
#&,

~31!

whereq̂5q/q. In this expression, theD l j
ab~RN! are the trans-

lational diffusivity tensors, describing the hydrodynamic in-
teractions. In general, the diffusivity tensors depend on the
configurationRN of all N particles; this renders a full ac-
counting of HIs a difficult task. The quantityHab(q) is
known exactly only for vanishingly small hydrodynamic in-
teractions. In this limiting case,Hab(q)5D a

0dab , where
D a

05D0~sa! is the Stokesian diffusion coefficient of a par-
ticle with diametersa . Then, the measurable hydrodynamic
function is simply given by an expression

HM
0 ~q!5

1

f 2~q!
(

a,b51

m

xa f a
2~q!Da

0 ~32!

that depends on quantities that can be determined by light-
scattering experiments. Equation~32! is still valid for inter-
acting particles providing that HI are negligible. Further-
more, H M

0 (q) becomes stronglyq dependent at larger
polydispersity.

It is instructive to separateHab(q) into a self-part and a
distinct part@18#

Hab~q!5da,bDa
s1Hab

d ~q!, ~33!

where the self-part

Da
s2^q̂•D11

aa~RN!•q& ~34!

is the short-time tracer-diffusion coefficient of ana-type par-
ticle, D a

s and the distinct part is given by

Hab
d ~q!5~NaNb!1/2S 12

dab

Na
D ^q̂•D12

ab~RN!•q̂eiq•~R1
a

2R2
b
!,

~35!

where a representative pair of particles 1Pa and 2Pb has
been selected. The distinct part becomes vanishingly small
for q@qm , whereqm is the position of the principal peak of
SM(q). Hence, according to Eq.~30!, HM(q) is given by a

form-amplitude-weighted superposition of tracer-diffusion
coefficients in the large-wave-number regime. For strong
HIs, D a

s,D a
0 due to the instantaneous hydrodynamic hin-

drance associated with the motion of neighboring particles
around ana-type particle. The effect of HIs on the short-time
tracer-diffusion coefficient is negligible in the case of suffi-
ciently diluted but strongly interacting charge-stabilized sus-
pensions, whereD a

s'D a
0 and HM(q)/H M

0 (q)'1 for
q@qm ; however, even for this case strong hydrodynamic
interactions persist for intermediate (q'qm) and, particu-
larly, for small values of q (q,qm). The ratio
HM(q)/H M

0 (q) is independent of the viscosityh and reduces
toH(q)/D0 when all particles are identical. This ratio is thus
an indicator of the relative importance of hydrodynamic in-
teractions. When HIs are negligible, this ratio equals 1, as in
the monodisperse case, and this implies that the relaxation of
density fluctuations is influenced by the direct double-layer
forces only. On the other hand,HM(q)/H M

0 (q) becomes sig-
nificantly q dependent when the indirect hydrodynamic
forces also contribute. We have tested this experimentally by
measuring the static structure factorSM(q) using SLS and
the first cumulant@i.e.,DM(q)# using DLS.

IV. CALCULATION OF SM„Q… AND HM„Q…

On the basis of the polydispersity model explained in Sec.
II, we calculated the partial radial distribution functions
gab(r ) and the partial static structure factorsSab(q) with the
HNC approximation@29,38#. The functionsSM(q) is ob-
tained fromSaB(q) according to Eq.~16!. In order to calcu-
late HM(q), we need to specify the diffusivity tensors
D i j

ab~RN!. In principle, these tensors can be obtained by solv-
ing the stationary Stokes equation forN hard shperes im-
mersed in an unbound quiescent fluid with appropriate
boundary conditions. Unfortunately, this is an extremely dif-
ficult task and important advances towards practical numeri-
cal results have been achieved only recently@41#.

At sufficiently small volume fractions and low amount of
excess electrolyte, it is reasonable to assume pairwise addi-
tivity of the HI and to approximate the many-body transla-
tional diffusivity tensors by@42#

Di j
ab~RN!5d i j

abFDa
011 (

g51

m

(
l51

Ng

8 Aag~Ri
a
•Rl

b!G
1~12d i j

ab!Bab~Ri
a2Rj

b!, ~36!

whered i j
ab50, whenever the indicesiPa and jPb refer to

different spheres, andd i i
aa51. The prime indicates the exclu-

sion of the termsa5g and i5 l from the double sum. Here,
we used analytic expressions for the far-field expression of
the hydrodynamic tensorsAab andBab including terms up to
r211. These tensors are expressed as integrals over the partial
radial distribution functionsgab(r ) @18#. The only input
needed to calculateHab(q) and henceHM(q) is gab(r ),
determined from the HNC approximation. Contrary to sus-
pensions of hard spheres, wheregab(r ) attains its maximum,
at contact, the radial distribution functionsgab(r ) for
charged spheres remain zero for separations comparable to
the screening length, due to the electrostatic repulsion.

54 665STRUCTURE AND SHORT-TIME DYNAMICS OF . . .



Therefore, rapid convergence is expected for the series of
integrals in the expressions forD a

s andH ab
d (q), whereas for

hard-sphere suspensions it is necessary to retain many terms
in the inverse distance expansion ofAab andBab. The effect
of HIs onD a

s is expected to be smaller for charged colloidal
particles than for uncharged ones due to ther24 leading term
in Aab(r ): this term remains small for separations where
gab(r ) is nonzero. On the other hand,HM(q) at smallq is
mainly determined byH ab

d (q) and is strongly influenced by
HIs due to ther21 leading term inBab(r ). Indeed, explicit
calculations show that the effect of HIs onHM(q) is most
pronounced forq<qm @1#. In the following we will demon-
strate that the qualitative behavior ofHM(q) expected from
these calculations is consistent with the experiments.

Our calculations ofHM(q) are based on the assumption
of pairwise additivity of HIs. In monodisperse systems, the
results forH(q) assuming pairwise additivity have been
compared with the lowest-order form of the so-calleddg
expansion@43–46#. In this more elaborate method, devel-
oped so far only for monodisperse systems, many-body con-
tributions to the HIs are included in an approximate way by
a partial resummation of higher-order correlations. The re-
sults forH(q) obtained from thedg expansion agree well
with those obtained assuming pairwise additivity for volume
fractions below 0.05@18,8,19,20#. Hence, we assume that
pairwise additivity is also a good approximation for the cor-
responding polydisperse charge-stabilized suspensions at
moderate volume fractions.

V. EXPERIMENT

A. Particle characterization and sample preparation

1. Particle characterization

We used silica spheres coated with 3-trimethoxy-silyl-
propyl-methacrylate~TPM! as our model charged spheres.
The same batch of spheres was studied previously and the
detailed synthesis was reported elsewhere@47#. The seed
silica spheres were produced according to the method of Sto¨-
ber, Fink, and Bohn@48# and followed by the seeded growth
procedure of Bogush, Tracy, and Zukoski@49#. Finally, the
particles were coated according to the procedure of Philipse
and Vrij @50#. The spheres were originally suspended in eth-
anol and the ethanol was later replaced with dimethylforma-
mide ~DMF! ~Aldrich, HPLC Grade!.

Previous experiments@51# have shown that the silica par-
ticles suspended in alcohol carry a surface charge. The
charges originate from the surface silanol groups, which are
relatively acidic in the presence of ammonia, a reactant in the
synthesis. Once the particles are coated with organic chains,
such as poly~12-hydroxystearic acid! or ~TPM!, and sus-
pended in a less polar solvent, the charge density drops dra-
matically@6,21#. In some cases, the coated silica particles left
with a negligible surface charge provide a model for hard
spheres@6#. In other cases, a small charge remains on the
surface because of the incomplete reaction of the silanols.
For example, the estimatedz potential of the TPM-coated
spheres suspended in ethanol is 200 mV, while the potential
in 70% by volume of toluene-ethanol solvent is 60 mV@21#.
We could not measure thez potential of our spheres in the
mixed solvent of DMF-pyridine with electrophoresis because

the particles were invisible at dilute concentrations; however,
the measurements ofSM(q) and the observation of ordering
at a volume fraction of 0.12 convince us that our TPM-
coated spheres are charged in the mixed solvent. We esti-
mated the effective surface charge from comparison of the
acquiredSM(q) with the theoretical calculations.

The seed silica spheres synthesized from Sto¨ber, Fink,
and Bohn’s recipe are known to be optically isotropic but
slightly optically inhomogeneous. For the silica spheres
coated with TPM, the inhomogeneity is greater than for the
bare particles due to the difference in the refractive indices of
the silica core and the TPM layer. In fact, Philipse, Smits,
and Vrij @52# found that, for a silica sphere of 83 nm core
radius with 6-nm TPM coating thickness, the refractive index
difference was on the order of 6310236231023.

We followed the work of Tracy and Pecora@47# to match
the refractive index of the spheres with their environment
and measure the index of refraction of the spheres. They
were able to minimize turbidity from highly scattering
spheres suspended in DMF at high concentrations by adding
pyridine. To determine the index-matching condition, we
checked for the absence of multiple-scattering events within
the sample. For this purpose, we measured the depolarized
component of the scattered light with a Fabry-Pe´rot interfer-
ometer. Since the light source was polarized, any depolarized
component was an indication of multiple scattering. We used
the apparatus described in Refs.@53,54# to detect the depo-
larized components of the light scattered from the suspen-
sions at 488-nm wavelength. If the spectra indicated depo-
larized scattering, we adjusted the solvent refractive index by
adding DMF or pyridine. The matching refractive index was
calculated from the final solvent composition.

2. Sample preparation

We prepared a dust-free suspension in a 2.54-cm-diam,
cylindrical, quartz light-scattering cuvette cell as follows.
The cuvette cells were first placed in a solution of 30% hy-
drogen peroxide and 70% sulfuric acid overnight. We then
used a peristaltic pump~375A SAGE instrument! to filter
deionized, distilled water into the cell continuously for 2
days. A Millipore disposable polytetrafluoroethylene~PTFE!
filter with 0.01mm-pore size was used. After that we cleaned
the cells with 20 ml of filtered absolute ethanol and 20 ml of
filtered DMF consecutively. To ensure that the cell was dust
free, we placed it in the laser beam and checked for scatter-
ing from dust by observation of the scattering volume with a
53 lens.

We prepared a dilute suspension of volume fraction
f51024 for particle characterization by diluting a concen-
trated sphere suspension in DMF with filtered solvent. We
used a 0.45-mm PTFE filter to add the sample to the dust-
free cell. Before the sample was added, we cleaned the filter
by passing 10 ml of DMF through it. We collected about 1
ml of the dilute suspension and kept the sample in a desic-
cator overnight. The concentrated samples for the dynamic
studies were prepared by concentrating a stock solution with
f50.02 in DMF-pyridine. In order to make a dust free sus-
pension of greater particle concentration, we filtered about 4
ml of the stock solution in to a dust-free cylindrical light-
scattering cell prepared as described above. We then centri-
fuged the cell at 1000 rpm for 30 min at room temperature
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with an SS-3 SORVALL centrifuge. When most of the par-
ticles settled for form a gel-like sediment at the bottom of the
cell, we withdrew the clear supernatant. Then the cuvette cell
was shaken by a shaker~Burrell model 75! until the particles
were completely resuspended. After that, we added another 4
ml of the filtered stock solution and repeated the contrifuging
and resuspending process. When we had collected about 1
ml of the dense suspension, we withdrew the supernatant and
measured the suspension weight and calculated the volume
fraction of the sample by considering the sediment volume
fraction to reflect random close packing,f50.64 @55#, and
taking 0.9546 g/ml as the matching solvent density and 1.6
g/ml as the particle density@50#. The suspension was step-
wise diluted for static and dynamic light-scattering experi-
ments. We performed the dilution with slightly different sol-
vent compositions as described below in order to eliminate
multiple scattering completely.

B. Methods

Three techniques allowed us to independently determine
the particle size and the particle size distribution from a di-
lute suspension: transmission electron microscopy~TEM!,
dynamic light scattering, and static light scattering. We used
a suspension in ethanol for the microscopy study and a dilute
suspension in DMF and matching pyridine-DMF for light-
scattering studies. The light scattered from concentrated sus-
pensions contains information on both static and dynamic
properties of the system. The static information can be ex-
tracted from the intensity and angular distribution of the scat-
tered light, while the dynamic information is contained in its
spectral analysis. Therefore, we employed SLS to obtain
SM(q) and performed DLS to acquireDM(q) of the suspen-
sions in the index-matching solvent. We used depolarized
light scattering with interferometry to confirm that single
scattering was dominant in our samples.

1. Transmission electron micrographs

Transmission electron micrographs were obtained from
particles retained on copper 400 mesh electron microscope
grids. We put two drops of a dilute suspension on each grid.
After the ethanol had evaporated, the particles left on the
carbon-coated Formvar films were photographed. Fifteen dif-
ferent areas from three grids were photographed with an
electron microscope Philips EM 400 operating at 100 KV at
a magnification of 17 000 calibrated with a diffraction grat-
ing. Then we magnified the recorded pictures so that the
particle radii could be measured within60.001mm. Assum-
ing that the particles had a spherical shape, we measured
diameters of 486 particles to determine a number-averaged
particle radius and a histogram of the size distribution.

2. Light scattering

Both dynamic and static light-scattering experiments used
a Lexel argon laser~Model 95! operating at 250 mW at ei-
ther of the two lines: 457.9 and 514.5 nm. The vertically
polarized incident light passed through the index-matching
fluid ~n51.452! in which the sample cell was immersed. The
temperature was controlled at 25.0 °C60.1 °C. We detected

the scattered light with a photomultiplier tube~PMT!
mounted on a Brookhaven Instruments BI200 photogoniom-
eter.

In static light-scatteringexperiments, we collected mean
intensities as functions of the scattering angles in the range
40°<u<130°. We used the largest pinhole~3000mm! before
the PMT to increase the scattering volume, thereby reducing
the effects of reflections from the glass wall. Since the align-
ment of the goniometer is the critical factor in the angular
dependence of the intensity@56#, we tested the alignment of
our apparatus with an aqueous suspension of well-
characterized colloidal polystyrene particles@57#, and veri-
fied this form factor with Mie scattering theory.

According to the discussion in Sec. III A, the static struc-
ture factorSM(q) is the ratio of the mean intensities col-
lected from a concentrated sample to that measured after
dilution, where interactions between colloidal particles can
be neglected. The scattering from our indexed-matched sus-
pension was insufficient to measureP̄(q) in the absence of
interparticle interactions. We therefore calculateP̄(q) as-
suming Rayleigh-Gans-Debye scattering from spheres hav-
ing a Schulz distribution of diameters.

In dynamic light-scatteringexperiments, we measured the
intensity autocorrelation function as a function of scattering
vector. The analysis of the fluctuations was carried out with
a Brookhaven BI9000AT digital correlator. Unlike the SLS
setup, DLS requires the area of the detector placed in the far
field to be equal to one coherent area@15#. We fulfilled this
criterion by using the smallest pinhole size 50mm. The mea-
surable diffusion coefficientDM(q) was obtained from the
first cumulantG M

(1)(q) as discussed in Sec. III B. A study of
a dilute suspension in DMF and in the index-matched
pyridine-DMF provided the values of the average free-
particle translational diffusion coefficientsD0(s̄) according
to Eqs.~25! and~26!. We then calculated the average hydro-
dynamic radius (Rh) according to the Stokes-Einstein rela-
tion. We took the normalized second cumulant
G M

(2)(0)/[G M
(1)(0)]2 as another measure of the degree of

polydispersitys.

C. Order-disorder transition

While preparing a concentrated suspension in a index-
matching DMF-pyridine mixture, we also observed ordering
in the transparent sample. At a volume fraction larger than
f50.2, the suspension was very viscous and gel-like and
bubbles were trapped inside for more than 2 days. The time-
averaged correlation functions measured from this sample
were nonergodic and never decayed to the base line. When
the sample was diluted tof50.1–0.2, the correlation func-
tions decayed to the base line but varied with the location of
the scattering volume under investigation. This is another
feature of nonergodic medium, in which the scatterers are
localized in a restricted region of phase space@58#.

Within these suspensions, the incident light was reflected
from some bright speckles, presumably faces of crystallite or
crystalline defects. The speckles reappeared under the laser
beam a few hours after being shaken. With room light, the
transparent liquid looked blue at certain viewing angles. This
observation is similar to that of an ordered suspension of
monodisperse TPM-coated SiO2 in an ethanol-toluene mix-
ture @50#. Although our suspensions are polydisperse, we be-
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lieve a crystal-like structure is formed due to the long-range
electrostatic repulsion. Previous researchers have reported
the crystallization of polydisperse suspensions of highly
charged polystyrene particles@59#.

VI. RESULTS AND DISCUSSION

A. Particle size distribution and form factor

Table I summarizes our results for the average radiuss̄/2
and the relative standard deviations ~‘‘polydispersity’’!, de-
rived according to three different methods: TEM and DLS.
The mean radius determined by TEM is smaller than that
obtained from DLS, as already noted in previous work on
various types of coated silica particles@51,60,61#. The
smaller radius obtained from TEM is probably due to the
shrinkage of particles after desolvation and radiation dam-
age. On the other hand, the hydrodynamic particle radius
determined from DLS is expected to be somewhat larger
than the actual particle radius because of stationary solvent
molecules at the surface.

The relative standard deviations is a measure of the in-
trinsic width of the size distribution. In our TEM measure-
ment,s was determined by fitting the two-parameter continu-
ous Schulz distribution to the experimentally determined
histogram of particle sizes. The best fit yieldss50.17, as
shown in Fig. 1.

We also determineds from a cumulant analysis of our
DLS measurements. From this method we obtains50.12
and 0.15, respectively~see Table I!. The fact that the size

distributions obtained from both experimental techniques are
consistent indicates that there are no large aggregates. The
degree of polydispersity is consistent with the work of Phil-
ipse and Vrij @50#, who reported an increasing degree of
polydispersity for smaller silica particles. These researchers
found, indeed, a value of polydispersitys50.16 for bare
silica particles of average radius 60 nm, synthesized with the
Stöber-Fink-Bohn method.

B. Single-scattering indication and index matching

Figure 2 shows two spectra from the Fabry-Pe´rot interfer-
ometry experiments. In Fig. 2~a! we show the spectrum gath-
ered from a cloudy suspension of volume fractionf51023

in pure DMF~see Table III!. On the same scale as Fig. 2~a!,
Fig. 2~b! illustrates the spectrum obtained at the same wave-
length from silica particles withf50.071 suspended in a
29.7% pyridine-DMF mixture. After performing SLS and
DLS experiments on this sample, we diluted the suspension
to a volume fraction off50.057 by adding a solution of
31% pyridine-DMF. In order to minimize the depolarized
component of the scattered light, the pyridine concentration
was enhanced. The sample at concentrationsf50.071 and
0.057 were index matched at both 488- and 514.5-nm wave-
lengths while the sample atf50.039 was index matched at
488- and 457.9-nm wavelengths. The matching solvent com-
positions did not vary with different wavelengths.

Measuring the refractive index of the matching solvents
using an Abbe refractometer~Bausch and Lomb!, we were
unable to detect any difference in refractive index among
them. For this reason we have estimated the refractive index

TABLE I. Mean particle radii and size distribution widths as
measured by three techniques.

Technique Solvent
Average radius

~nm!
Relative standard

deviations

TEM dried from ethanol 54.0 0.17a

DLS DMF 60.0 0.12b

DLS 31.8% pyridine-DMF 62.0 0.15b

aFrom the fit of the experimental histogram with a unimodal con-
tinuous Schulz distribution.
bFrom the normalized second cumulant.

FIG. 1. Comparison of the measured particle size distribution
p~s! obtained from TEM~histogram!, with the continuous Schulz
distribution~dashed line! evaluated fors̄5108 nm ands50.17~cf.
Table I!.

FIG. 2. Spectrum of depolarized scattered light from Fabry-
Pérot interferometry:~a! suspension with volume fractionf51023

in pure DMF and~b! suspension withf57.131022 at nearly index-
matching conditions in a 29.7% pyridine-DMF mixture.
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of each sample~Table III!, as a function of solvent compo-
sition, employing the empirical Gladstone-Dale equation
@62#

S 1

nmix
D ~nmix21!5SWDMP

nDMP
D ~nDMP21!1SWpy

npy
D ~npy21!,

~37!

whereWi is the weight fraction of componenti in the mix-
ture.

C. Static structure factor

The parameters entering the polydispersity model,
namely, the average particle size and the standard deviation
of the particle size distribution are summarized in Table I. In
our HNC calculation, we took 62 nm as the average particle
radius ands50.15 as the standard deviation. The mole frac-
tions and the sizes of the three subcomponents employed in
the discretized Schulz distribution are shown in Table II.

Among the other parameters entering the effective poten-
tial, the Bjerrum lengthLB can be determined from the bath
temperature~25 °C! and the dielectric constant of the solvent
mixture, evaluated as a weighted average of the dielectric
constants of the pure components~see Table III!. The values
reported for the Bjerrum length varied slightly with the
sample concentration, but this is not critical and we could
adopt an average value without any significant difference in
the results. Since we have noa priori knowledge of the
effective chargeZ̄eff and the experimental uncertainty in vol-
ume fractionf is much larger than the error in the average

size or polydispersity, we simultaneously adjustZ̄eff andf to
fit the data with our HNC approximationSM(q). The height
of the principal peak is mainly affected by the former, while
the peak position is controlled by the latter. The computation
was repeated for each of the three proposed size dependences
for the effective charge polydispersity~m50,1,2!.

In Fig. 3, we show the structure factorsSM(q) from the
measuredI (q) divided by our calculatedP̄(q). They agree
well with the HNC structure factors withm50. We report the
parameters from our fits in Table III. The adjusted valuesffit
for the volume fraction compare well with the experimen-
tally estimated valuesfexpt. The mean effective valency
Z̄eff suggests that the particles carry a large surface charge.
It should be noted that our use of the HNC approximation,

although legitimate for this fitting procedure, might lead to
an overestimate of about 20% for the value ofZ̄eff, in com-
parison with what one would obtain by fitting the same data
with a Monte Carlo simulation or a more accurate approxi-
mation @63#. Hence we estimate that the actual effective va-
lencies of our system are lower than those obtained from our
fits. In any case, our particles are strongly charged and this
greatly influences the structure of the suspension.

We made no attempt to improve on the particle surface
charges since we only aim to get a reasonable fit to obtain
the partial radial distribution functions and partial structure
factors necessary to determine the dynamic properties. Al-
though we have supposed in our calculations thatksalt50, a
small amount of residual salt still provides a consistent fit,
with a slightly larger mean effective charge.

In Fig. 3 we also include a comparison of the size poly-
disperse model~s50.15! with a corresponding monodisperse
system of the same average diameter and the same effective
charge at each concentration. The effect of the intrinsic size
polydispersity is to broaden the principal peak in the struc-
ture factorSM(q), to reduce its height, to slightly shift its
location to smaller wave numbers, and to strongly increase
the value observed at smallq. These trends can be under-
stood by examining how the partial structure factorsSab(q)
of each subcomponent contribute to the averageSM(q), fol-
lowing a similar analysis given by D’Aguanno and Klein
@29#.

For this purpose, we also show our HNC results for the
Sab(q) of sample ~c! in Fig. 4. Note thatSM(q) is a

TABLE II. Histogram representation of the continuous Schulz
distribution for s50.15 ands̄5124 nm. The number of compo-
nents in the histogram is 3. The diameters and the mole fractions of
each subcomponent are displayed.

Subcomponent
diameterssa ~Å!

Relative
diameterssa/s̄

Mole
fractionsxa

s15976.2 0.787 0.249
s251277.1 1.030 0.646
s351634.1 1.318 0.105

TABLE III. Comparison of the particle volume fractions obtained from sample preparationfexpt and
SM(q) calculationsffit . The solvent compositions in each sample, their dielectric constants, and their refrac-
tive indices are displayed. The mean effective chargeZ̄eff and the Bjerrum lengthLB used in the calculations
are reported.

Sample
Volume fraction

fexpt ffit
c

Solvent
composition

Solvent
e a

LB
~Å!

Solvent
n b

Z̄eff

~HNC!
l

~nm!

~a! 0.039 0.033 31.7% pyridine-DMF 28.97 19.34 1.453 220 457.9
~b! 0.057 0.048 30.3% pyridine-DMF 29.31 19.32 1.452 220 514.5
~c! 0.071 0.063 29.7% pyridine-DMF 29.46 19.28 1.451 220 514.5
~d! 1024 31.8% pyridine-DMF 28.94 19.35 1.453 457.9

100% pyridine 12.30 45.53 1.508
100% DMF 36.71 15.25 1.428

aFrom the Gladstone-Dale equation.
bDensity-weighted values.
cFrom the best fit of the experimentalSM(q), using the HNC approximation.
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weighted sum of partial structure factors, where each sub-
component is weighted by a factor ofx a

1/2f a(q), which
scales, in the case of optically homogeneous spheres, like the
diametersa to the third power. According to Fig. 4 and
Table II, the largest contribution toSM(q) at low q arises
from the largest particles. Moreover, one can see that the six
Sab(q) are to some extent out of phase causing the lowering
and broadening of the principal peak ofSM(q).

From the physical point of view, it is more instructive to
consider the corresponding partial radial distribution func-
tionsgab(r ), related toSab(q) by Eq. ~17!. For illustration,
the threegaa(r ) for the like subcomponents are displayed in
Fig. 5. Note that the large particles exhibit stronger spatial
correlations, i.e., a somewhat larger peak height shifted to a
larger distance. This is due to a similar ordering in the
strength of the particle potentialu11(r ),u22(r ),u33(r ) de-

fined in Eq. ~6!, arising from the geometrical factors
eksa/2/(11ksa/2). In contrast togab(r ), the corresponding
ordering ofSab(q) is also explicitly affected by the partial
mole fractions, through the factors (xaxb)

1/2 as written in Eq.
~17!.

As an illustration of the influence of charge polydispersity
on the structure, Fig. 6~a! displays the influence on the width
of SM(q) from varyingm only, keeping all the other param-
eters fixed as in Table III. Only the peak height and the small

FIG. 3. Comparison of the measurable static structure factor
SM(q) obtained fromI (q) divided by P̄(q) for the Shulz distribu-
tion of spherical particles with the calculated one from the HNC
approximation. Filled circles, SLS results; full line, INC approxi-
mation, assumings50.15 size polydispersity; dash-dotted line,
HNC approximation withs50. The polydispersity model intro-
duced in Sec. II was used, withs̄5124 nm,m53, ksalt50, and
m50 ~no charge polydispersity!. The three panels correspond to
samples at different volume fractions:~a! fexpt50.039, ~b!
fexpt50.057, and~c! fexpt50.071. See Table III for the values of
the wavelengthl used in the experiment and the values of the
parameters giving the best fit, i.e., volume fractionffit and effective
chargeZeff, from the HNC calculations.

FIG. 4. HNC partial static structure factorsSab(q) for sample
~c! in Table III; ffit50.063,Zeff5220, s̄5124 nm,s50.15, and
m50. The corresponding partial diameter and mole fraction of each
subcomponent are reported in Table II. Top panel: average structure
factorSM(q) and like componentsa5b. Bottom panel: unlike com-
ponentsaÞb.

FIG. 5. Partial radial distribution functionsgaa(r ) for sample
~c! in Table III.
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q value ofSM(q) are affected. The value ofSM~0! decreases
as a consequence of larger charge polydispersity and the
peak height decreases. This can be attributed to the different
contributions of each subcomponent to the scattered light.

D. Short-time dynamics

As discussed in Sec. IV, our model forDM(q) and
HM(q) are based on the pairwise-additivity approximation of
the hydrodynamic mobility tensors, where we have consid-
ered terms up to orderr211 in the reciprocal interparticle
distance. The strong electrostatic repulsion keeps the par-
ticles well separated, such that contact configurations are
very unlikely. This fact is illustrated in Fig. 5, wheregaa(r )
is practically zero up tor51.6sa , where its peak is rather
pronounced. Thus the integrals over the far-field mobility
tensors converge rapidly. The partial radial distribution func-
tions gab(r ) are the only input needed for calculating
HM(q). These functions were obtained in the HNC calcula-
tion ofSM(q) while fitting the experimental structure factors.
In order to be consistent with static calculations, all particles
were assumed to have the same refractive index. The system
parameters used in calculatingHM(q) @andgab(r )# are sum-
marized in Table III. Once the static properties have been
fitted to the experimental results, there are no adjustable pa-
rameters in the calculations of the short-time dynamics.

Our experimental and theoretical results for the inverse of
the normalized measurable diffusion coefficient
DM(q)/D

0(s̄) are displayed in Fig. 7. The quantity used

there as normalizationD0(s̄) is the Stokes diffusion coeffi-
cient evaluated for a mean diameter of 124 nm. The experi-
mental data forDM(q) are obtained from a first cumulant
analysis of the autocorrelation function@cf. Eq. ~27!#. Note
that D0(s)/DM(q)5SM(q)[D

0(s̄)/HM(q)] reduces to the
static structure factorS(q) in the limiting case of a mono-
disperse system with negligible HIs. The theoretical results
for s50.15 andm50 are also included in Fig. 7.

The experimental peak height and position are well repro-
duced in sample~a!, but this agreement becomes worse on
increasing the volume fraction. Moreover, the width of the
principal peak in the experimentalD0(s̄)/DM(q) is consis-
tently underestimated in the calculations. The agreement be-
tween theory and experiment may be improved by taking
into account many-body HIs at the highest two volume frac-
tions f50.063 and 0.048. Previous work on monodisperse
systems indicates some improvement of theH(q) obtained
from pairwise additivity by calculating the multibody hydro-
dynamic functionH(q) with a dg expansion@18–20#. Even
without precise quantitative agreement the overall trends are
well reproduced by our model, namely, the growth and the
shift towards larger values ofq of the principal peak, on

FIG. 6. Test of the sensitivity of the computedSM(q) ~top
panel! andHM(q)/D

0(s̄) ~bottom panel! to the proposed size de-
pendence of charge polydispersity, represented by Eq.~9!, for
sample~c! of Table III. The parametersZeff, ffit are fixed as given
in Table III. Full line, m50; dotted line,m51; dash-dotted line,
m52.

FIG. 7. Inverse of the normalized measurable diffusion coeffi-
cientDM(q)/D

0(s̄). Comparison of the DLS measurement~filled
circles! with the theoretical results for a size polydispersitys50.15
~full lines! and, for comparison, also fors50 ~dashed lines!. Param-
eters for samples~a!, ~b!, and ~c! are as summarized in Table III.
HereD0(s̄)5kBT/~3phs̄!, with s̄5124 nm.

54 671STRUCTURE AND SHORT-TIME DYNAMICS OF . . .



increasing the volume fraction. This behavior is due to the
buildup of interparticle correlations with increasing concen-
tration.

Polydispersity effects can be appreciated by comparing
the theoretical results for the monodisperse system with
those fors50.15 in Fig. 7. The influence of polydispersity is
more pronounced at small wave numbers, where it slows the
initial decay of the field auto-correlation functions, produc-
ing a substantially smallerDM(q) relative to the monodis-
perse suspension. This arises from the fact that the increase
of HM(q) at smallq, on enlargings ~Fig. 7!, is overcompen-
sated by a larger increase ofSM(q), as one can see from Fig.
3.

We obtain the measurable hydrodynamic functionHM(q)
by combining the DLS data ofDM(q) with SLS measure-
ments ofSM(q) according to Eq.~28!. We showHM(q),
normalized byD0(s̄), in Fig. 8 together with the corre-
sponding theoretical results for polydisperse~s50.15! and
monodisperse~s50! suspensions. The fits ofH(q) are better
than those forD0(s̄)/DM(q) due to a fortuitous cancellation
of errors. In a manner similar toSM(q) andD

0(s̄)/DM(q),
the principal peak in the experimentalHM(q) becomes more
pronounced and moves towards larger values ofq for in-

creasing particle concentrations. We further notice that there
is a qualitative similarity between the peak position and the
oscillatory behavior ofHM(q) andSM(q). The oscillations
of bothHM(q) andSM(q) become enhanced with increasing
f. This enhancement in the case ofHM(q) is particularly
manifest at smallq,qm , whereqm denotes the peak position
of SM(q). The qualitative behavior ofHM(q) noted above
agrees qualitatively with the theoretical results fors50.15.
One should keep in mind that there is a certain degree of
uncertainty in the experimental data forHM(q) since it in-
volves the division of two experimentally determined quan-
tities. At low q, the theoreticalHM(q) with polydispersity
merges with that for the monodisperse caseH(q). The effect
of polydispersity becomes visible only for values ofq near
the main peak, where it reducesHM(q), relative to the
monodisperse case.

To highlight the influence of HIs, it is necessary to con-
sider the ratioHM(q)/H M

0 (q) instead ofHM(q)/D
0(s̄) as

shown in our theoretical findings forHM(q)/H M
0 (q) ~with

s50, 0.15, and 0.30! in Fig. 9. We have pointed out in Sec.
III B that this ratio indicates the importance of HIs and that it
is the analog ofH(q)/D0 for monodisperse particles. The
quantityHM(q)/H M

0 (q) equals 1 when HIs are negligible,
whereasHM(q)/D

0(s̄) is q dependent fors.0 even in this
limiting case. When HIs are important,HM(q)/H M

0 (q) be-
comes explicitly q dependent. The features of
HM(q)/H M

0 (q) that we observe from Fig. 9 are characteris-

FIG. 8. Measurable hydrodynamic functionHM(q) normalized
with D0(s̄) for samples~a!, ~b!, and~c! in Table III. Comparison of
the experimental data obtained from DLS and SLS~filled circles!
with the theoretical results with constant effective charge~m50! for
polydispersitys50.30 ~dotted line!, s50.15 ~full line!, and s50
~dash-dotted line!. Other parameters are as in Table III.

FIG. 9. Hydrodynamic function without hydrodynamic interac-
tion HM

0 (q)/D0(s̄) and calculated measurable hydrodynamic func-
tion HM(q)/HM

0 (q) for sample~c! in Table III.HM
0 (q) denotes the

hydrodynamic function in the absence of hydrodynamic interac-
tions. Dotted line, polydispersitys50.30; continuous line, polydis-
persity s50.15; dash-dotted line, monodisperse cases50. Other
parameters are as in Table III.
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tic of charge-stabilized suspensions. We first mention that
the effect of HIs is most pronounced atq'0, where
HM(q)/H M

0 (q) is substantially smaller than 1. For monodis-
perse suspensions, this can be attributed to the slowing down
of the particle density relaxation induced by the instanta-
neous HI. Alternatively, we may identify limq→0H(q)/D

0 as
the sedimentation coefficient@55,64#, at low enough densi-
ties for only two-body HIs to be relevant. The sedimentation
coefficient is the ratio of the average sedimentation velocity
of a colloidal particle in a homogeneous suspension to its
value at infinite dilution. Charged particles repel one another
when sedimenting, thus reducing the shielding of solvent
backflow. This amounts to a strongly reduced sedimentation
velocity, i.e., a valueH(0)/D0 significantly smaller than 1,
particularly compared to suspensions of uncharged particles
at the same volume fraction@64#. Very recently, a remark-
able nonanalytical volume fraction dependence has been de-
termined for the sedimentation coefficient in experiments
with charge-stabilized suspensions of silica spheres, in accor-
dance with theoretical predictions@64#. A similar statistical
mechanical identification of the small-q limit of
HM(q)/H M

0 (q) is not possible for polydisperse systems
since the scattering amplitudes occur in the defining expres-
sions Eqs.~30! and ~32!. Considering Fig. 9 we notice fur-
ther that HM(q)/H M

0 (q) attains values larger than one
around its principal peak and that the peak height increases
with increasingf @18#. This behavior is quite typical for
charge-stabilized suspensions, where the most important
hydro-dynamic contribution toHM(q) arises from the lead-
ing far-field contribution toBab~r ! @18,8#. This contrasts with
hard-sphere suspensions, where the maximal value of
H(q)/D0 in the monodisperse suspensions never exceeds
one and moreover, decreases on increasingf @65#. Hence we
can conclude that the effect of HIs is to slow down the initial
decay of the field autocorrelation function, at small wave
numbers, whereas for charge-stabilized suspensions of low
salinity the decay rate is enhanced atq'qm . Up to this point
all calculations ofHM(q) andDM(q) were performed for
fixed particle charge, i.e.,m50.

The additional effect of size-related charge polydispersity
on HM(q) is depicted in Fig. 6~b! for s50.15 withm50, 1,
and 2. The behavior ofHM(q)/H M

0 (q) on varyingm is quali-
tatively the same as observed forSM(q) in Fig. 6~a!. For the
polydispersity used here, there is only a weak dependence of
HM(q)/H M

0 (q) on the amount of charge polydispersity, as
quantified by the value ofm. The values assumed by
HM(q)/H M

0 (q) at q'0 and q'qm decrease only slightly
whenm is enlarged from zero to two.

So far we have considered a polydispersity ofs50.15 to
be consistent with our experimental findings. Now, we inves-
tigate the importance of size polydispersity in more detail, by
varying s from 0 to 0.3 while keepingm fixed at 0. To
calculateHM(q) for s50.3, we have used a histogram ap-
proximation to the Schulz distribution withm56 subcompo-
nents; fors<0.15, three subcomponents are sufficient. Con-
sider first the behavior of the measurable hydrodynamic
function without HIsH M

0 (q). According to Eq.~32!, H M
0 (q)

is simply a form factor weighted superposition of Stokesian
diffusion coefficients. Figure 9, top panel, displays our re-
sults forH M

0 (q)/D0(s̄), obtained by using the continuous
Schulz distribution. This function exhibits a significantq de-

pendence only for large polydispersity~i.e., s50.3!. In prin-
ciple, one should be able to determineH M

0 (q)5D M
0 (q) from

light-scattering experiments performed on sufficiently dilute
samples. HereD M

0 (q) denotes the measurableq-dependent
diffusion coefficient in the interaction-free case, where
SM
0 (q). If it were practical, this would allow for an alterna-

tive characterization of the amount of size polydispersity.
Unfortunately, the experimental uncertainty due to low pho-
ton counting statistics becomes very large for highly diluted,
index-matched systems. The fact thatH M

0 (q) varies signifi-
cantly with q for larger s accounts for the differences be-
tween H M

0 (q)/D0(s̄) and HM(q)/H M
0 (q) observable, re-

spectively, from Fig. 9 for the most concentrated sample in
our study. As we noted in our discussion of Fig. 8, the effect
of size polydispersity onHM(q)/D

0(s̄) is very small for
q!qm . This feature persists for a polydispersity as large as
s50.3, as shown in Fig. 8, bottom panel; however, due to the
variation ofH M

0 (q) with s, there is a strong dependence of
HM(q)/H M

0 (q) on s even for small wave numbers. In fact,
the overall behavior ofHM(q)/H M

0 (q) as a function ofs is
similar to that ofSM(q). In both cases, the modulations inq
are progressively reduced with increasing polydispersity. Fi-
nally, we remark that, contrary toHM(q)/H M

0 (q), the quan-
tity H M

0 (q)/D0(s̄) becomes smaller than one at large poly-
dispersity~Fig. 8, bottom panel!. This illustrates again the
fact that HM(q)/H M

0 (q) is the correct generalization of
H(q)/D0 to a polydisperse system and notH M

0 (q)/D0(s̄).

VII. CONCLUDING REMARKS

In this paper we have presented experimental and theo-
retical results for the equilibrium structure and short-time
diffusion in polydisperse suspensions of strongly charged
silica spheres, dispersed in a nearly index-matched solvent.
We determined the form amplitude averaged static structure
factor SM(q) via static light scattering normalized on the
theoretical form factor. We measured diffusion coefficient
DM(q) with dynamic light scattering. Combining SLS data
of SM(q) with DLS data ofDM(q) provided the measurable
hydrodynamic functionHM(q). This latter function contains
the configuration and form amplitude averaged effects of the
HI on the short-time dynamics. With this study, we eluci-
dated the influence of direct electrostatic forces and indirect
HIs on the structure and short-time dynamics of charge-
stabilized suspensions with a moderate degree of intrinsic
size polydispersity. We also tested an existing theoretical
description for the hydrodynamic functions of polydisperse
charged suspensions@18,8#. This description is based on the
pairwise-additivity approximation and far-field expansion of
the hydrodynamic mobility tensors, in conjunction with a
histogram representative of the Schulz distribution as a
model of intrinsic size polydispersity. The partial static cor-
relation functions needed to determineHM(q) were calcu-
lated from the HNC approximation, with system parameters
obtained from fitting the HNC structure factor to that deter-
mined experimentally. In our calculations, all particles were
assumed to have the same refractive index.

Despite the well-known difficulties in measuringSM(q)
and DM(q) for polydisperse and moderately concentrated
suspensions, we believe that our experimental data are in
reasonable qualitative agreement with the theoretical predic-
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tions. In particular, the experiments confirm the important
trends described by the theory. For example, the strong in-
fluence of HIs on the short-time dynamics has now been
established for polydisperse charge-stabilized suspensions.
For smallq, HIs tend to slow down the initial temporal de-
cay of the electric field autocorrelation function, whereas the
decay rate is enhanced near the positionqm of the principal
peak ofSM(q). ThusHM(q)H M

0 (q) becomes significantly
smaller than one forq'0 and attains values larger than one
aroundqm .

There remain some systematic deviations between experi-
ment and theory. In particular, the width of the principal
peaks ofHM(q) are systematically larger in the experimental
results. The agreement with the theory may be improved by
considering multibody hydrodynamic interactions. We have
also considered the additional effect of an eventual size de-
pendence of charge polydispersity. Its influence onHM(q)
andSM(q) was found to be rather weak for the polydisper-

sity of s50.15; however, for larger values ofs, our theoreti-
cal calculations lead to noticeably different predictions for
SM(q) andHM(q) when the charge-polydispersity parameter
is varied from 0 to 2. Finally, we should emphasize that the
size polydispersity of our samples is by no means particu-
larly large; it is smaller than the polydispersity of many other
charge-stabilized suspensions. Therefore, a clear implication
of this work is the importance of polydispersity for a full
quantitive description of these systems.
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